We prove that two unital dual operator algebras A, B are stably isomorphic if and only if they are ∆-equivalent [7], if and only if they have completely isometric normal representations α, β on Hilbert spaces H, K respectively and there exists a ternary ring of operators M ⊂ B(H, K) such that α(A) = [M * β(B)M] −w * and β(B) = [Mα(A)M * ] −w * .
Introduction
Two dual operator algebras [1, 8] A, B are called stably isomorphic if there exists a cardinal I such that the algebras M I (A), M I (B) of matrices indexed by I, whose finite submatrices have uniformly bounded norms, are algebraically isomorphic through an isomorphism which is completely isometric and w * -(bi)continuous. In the special case of W *algebras [1] , this happens if and only if A and B are Morita equivalent in the sense of Rieffel [10] . A proof of this fact for separably acting von Neumann algebras can be found in [11] and the general case is in [1] .
In [6, 7] two new equivalence relations between dual operator algebras were defined: If A is a dual operator algebra, then we call a completely contractive, w * -continuous homomorphism α : A → B(H) where H is a Hilbert space, a normal representation of A. In [7] the notion of ∆-equivalence of two unital dual operator algebras A, B was defined in terms of equivalence of two appropriate categories. This was shown in [7] to be equivalent to the existence of TRO-equivalent normal representations; in this paper, we shall take this property as the definition of ∆-equivalence: Two completely isometrically and w * -continuously isomorphic unital dual operator algebras are not necessarily TRO equivalent, but they are ∆-equivalent. Also two W * -algebras are Morita equivalent in the sense of Rieffel if and only if they are ∆-equivalent [7] . In this work we are going to prove that two unital dual operator algebras are ∆-equivalent if and only if they are stably isomorphic.
We explain now why two stably isomorphic unital dual operator algebras are ∆-equivalent. We need first to present some definitions and results, see for example [1] . If I is a cardinal and X is a dual operator space, we denote by Ω I (X) the linear space of all matrices with entries in X. If x ∈ Ω I (X) and r is a finite subset of I we write
This space is a dual operator space. If X is a dual operator algebra then M I (X) is also a dual operator algebra. In case X is a w * -closed subspace of B(H, K) for some Hilbert spaces H, K we naturally identify M I (X) as a subspace of B(H I , K I ) where H I (resp.K I ) is the direct sum of I copies of H (resp.K). We denote the w * -closed subspace of B(H I , K) consisting of bounded operators of the form
for {x i : i ∈ I} ⊂ X by R w I (X) and the w * -closed subspace of B(H, K I ) consisting of bounded operators of the form
Observe that if X is a w * -closed TRO then the spaces R w I (X), C w I (X) are w * -closed TRO's. Suppose now that the unital dual operator algebras A 0 , B 0 are stably isomorphic for a cardinal I. By [8] there exist completely isometric normal representations of A 0 , B 0 whose images we denote by A, B, respectively. Observe that the algebras A, M I (A) are TRO equivalent, indeed, A Since ∆-equivalence is an equivalence relation preserved by normal completely isometric homomorphisms we conclude that the initial algebras are ∆-equivalent.
The purpose of this paper is to prove the converse: ∆-equivalent algebras are stably isomorphic. Since every completely isometric normal homomorphism A → B for dual operator algebras naturally "extends" to a completely isometric normal homomorphism M I (A) → M I (B) for every cardinal I [1] , it suffices to show that the TRO equivalent algebras are stably isomorphic.
Generated bimodules.
In this section we prove that if A (resp.B) is a w * -closed subalgebra of B(H) (resp.B(K)) for a Hilbert space H (K) and M ⊂ B(H, K) is a TRO such that A M ∼ B, then there exist bimodules X, Y over these algebras, i.e., AXB ⊂ X, BY A ⊂ Y, which are generated by M, such
We start with some definitions and symbols. If Ω is a Banach space we denote by Ω * its dual. If X, Y, Z are linear spaces, n ∈ N and σ : X → Y is a linear map we denote again by σ the map M n (X) → M n (Y ) : (x ij ) → (σ(x ij )). If φ : X × Y → Z is a bilinear map and n, p ∈ N we denote again by φ the map M n,p (X) × M p,n (Y ) → M n (Z) : ((x ij ), (y ij )) → ( p k=1 φ(x ik , y kj )) ij . If X, Y are operator spaces we denote by CB(X, Y ) the space of completely bounded maps from X to Y with the completely bounded norm. If Z is another operator space, a bilinear map φ : X × Y → Z is called completely bounded [9] if there exists c > 0 such that φ(x, y) ≤ c x y for all x ∈ M n,p (X), y ∈ M p,n (Y ), n, p ∈ N. The least such c is the completely bounded norm of φ and it is denoted by φ cb . We write
This is an operator space under the identification
We denote the Haagerup tensor product of X,
We denote by CB σ (X × Y, Z) the space of completely bounded normal bilinear maps.
We now recall the normal Haagerup tensor product [5] . In the rest of this section we fix dual operator spaces X, Y and the map
This space is the w * -closed span of its elementary tensors x ⊗ y, x ∈ X, y ∈ Y and it has the following property: For all dual operator spaces Z there exists a complete onto isometry
We fix now a dual operator algebra B such that X is a right Bmodule and Y is left B-module and the maps
are complete contractions and normal bilinear maps. A bilinear map
For every dual operator space Z we define the space
We denote by Ω 2 the space π(CB Bσ (X × Y, C)). Observe that Ω 2 is a Proof. The adjoint map θ : X σh ⊗ Y → Ω * 2 of the inclusion Ω 2 → Ω 1 is a complete quotient map and w * -continuous. Check now that N = Ker(θ). Proposition 2.2. If Z is a dual operator space and φ ∈ CB Bσ (X × Y, Z) then there exists a w * -continuous and completely bounded map
For arbitrary
Therefore for > 0 there exist m ∈ N and (ω kl ) ∈ Ball(M m (Z * )) such that
. By the proof
.
It follows that φ cb ≤ φ * cb and hence φ cb = φ * cb .
We shall show that the map
. We have to prove that ψ is balanced.
The functional ω is arbitrary in Z * so ψ(xb, y) = ψ(x, by). We have
is an onto isometry. By the same argument for every m ∈ N the following spaces are completely isometric:
It follows that the map φ → φ Bσh is a complete isometry. In what follows we assume that X = [AM * ] −w * , Y = [MA] −w * . We can check that
Suppose now that
Let a ∈ A. We define a map
by ω a (x, y) = ω(x, ya). This map is continuous. The adjoint map
Proof. Choose ω ∈ Ball(CB σ (X × Y, C)). From the normal version of the Christensen, Sinclair, Paulsen, Smith theorem, see for example Theorem 5.1 in [5] , there exist a Hilbert space H and normal completely contractive maps φ 1 : X → B(H, C), φ 2 : Y → B(C, H) such that ω(x, y) = φ 1 (x)φ 2 (y). Observe that the bilinear map Y × A → B(C, H) : (y, a) → φ 2 (ya) is completely contractive and normal. So by the same theorem there exist a Hilbert space K and complete contractions φ 3 :
is normal and a complete contraction. So there exists a completely contractive w * -continuous map
is normal, completely contractive and satisfies
for all x ∈ X, y ∈ Y, a ∈ A. The conclusion is that we can define a contraction
. We recall from Proposition 2.1 the map 
We shall show that π is a complete isometry. Since A = [XY ] −w * , it will follow from the Krein Smulian theorem that π is onto A.
Let
. It suffices to show that z ≤ π(z) .
By Lemma 8.5.23 in [1] there exist partial isometries {v i : i ∈ I} ⊂ M with mutually orthogonal initial spaces such that I H = i∈I ⊕v * i v i . By the above lemma
for all k, l, i, j. It follows that there exist partial isometries {v 1 , ..., v r } ⊂ M such that
It follows that there exists λ 0 such that
Fix i, j, λ and suppose that z ij (λ) = t p=1
So we take the inequality
Let v = (v 1 , ..., v r ) t and
The above inequality can be written in the following form z − ≤ (ω kl (x, y)) k,l mn .
Since > 0 is arbitrary we obtain z ≤ π(z) . This completes the
The main theorem
In this section we shall prove that two unital dual operator algebras are ∆-equivalent if and only if they are stably isomorphic. As we noted in section 1 it suffices to show that TRO equivalent algebras are stably isomorphic. Thus in what follows, we fix unital w * -closed algebras A, B acting on Hilbert spaces H, K respectively and a w * -closed TRO M such that A M ∼ B. Let X = [AM * ] −w * , Y = [MA] −w * be the Mgenerated A − B bimodules which satisfy (2.1). We give the following definition (see the analogous definition in [2] ). If U i ⊂ B(L, H), V i ⊂ B(H, L), i = 1, 2 are spaces such that U i V i ⊂ A, i = 1, 2 a pair of maps σ :
Lemma 3.1. There exist a cardinal I and completely isometric, w *continuous, onto, A-module maps σ :
Proof. From Lemma 8.5.23 in [1] there exist partial isometries {m i : i ∈ I} ⊂ M with mutually orthogonal initial spaces and {n j : j ∈ J} ⊂ M with mutually orthogonal final spaces such that i∈I ⊕m * i m i = I H , j∈J ⊕n * j n j = I K . By introducing sufficiently many 0 partial isometries to each set, we may assume that I 2 = I = J. We denote by m the column (m i ) i∈I ∈ C w I (M). We have m * m = I H and we denote by p the projection mm * ∈ M I (B).
π −1 ⊗ σ −1 is the inverse of π ⊗ σ we conclude that π ⊗ σ is a complete isometry. It follows that the map
is a completely isometric, w * -continuous bijection. It remains to check that it is an algebraic homomorphism. 
Stably isomorphic CSL algebras.
In this section we assume that all Hilbert spaces are separable. A set of projections on a Hilbert space is called a lattice if it contains the zero and identity operators and is closed under arbitrary suprema and infima. If A is a subalgebra of B(H) for some Hilbert space H, the set
is a lattice. Dually if L is a lattice the space
is an algebra. A commutative subspace lattice (CSL) is a projection lattice L whose elements commute; the algebra Alg(L) is called a CSL algebra.
Let L be a CSL and l ∈ L. We denote by l the projection ∨{r ∈ L : r < l}. Whenever l < l we call the projection l − l an atom of L. If the CSL L has no atoms we say that it is a continuous CSL. If the atoms span the identity operator we say that L is a totally atomic CSL.
If L 1 , L 2 are CSL's, φ : L 1 → L 2 is a lattice isomorphism (a bijection which preserves order) and p (resp. q) is the span of the atoms of L 1 (resp. of L 2 ) there exists a well defined lattice isomorphism L 1 | p → L 2 | q : l| p → φ(l)| q (Lemma 5.3 in [6] .) Observe that the CSL's L 1 | p ⊥ , L 2 | q ⊥ are continuous. But it is not always true that φ induces a lattice isomorphism from L 1 | p ⊥ onto L 1 | q ⊥ . In [3, 7. 19] there exists an example of isomorphic nests L 1 , L 2 such that p ⊥ = 0 and q ⊥ = 0. This motivates the following definition: Definition 4.1. Let L 1 , L 2 be CSL's, φ : L 1 → L 2 be a lattice isomorphism, p the span of the atoms of L 1 and q the span of the atoms of L 2 . We say that φ respects continuity if there exists a lattice isomorphism L 1 | p ⊥ → L 2 | q ⊥ such that l| p ⊥ → φ(l)| q ⊥ for every l ∈ L 1 .
The following was proved in [6] (Theorem 5.7). Remark 4.4. In fact, since the CSL algebras, Alg(L i ), i = 1, 2 are acting on separable Hilbert spaces, we have that if there exists a lattice isomorphism between L 1 and L 2 that respects continuity, then M ∞ (Alg(L 1 )) and M ∞ (Alg(L 2 )) are completely isometrically isomorphic.
A consequence of this theorem is that two separably acting CSL algebras with continuous or totally atomic lattices are stably isomorphic if and only if they have isomorphic lattices.
